Quantum fluctuations of a nonminimally coupled scalar field in D-dimensional homogeneous and isotropic background are calculated within the operator formalism in curved models with time evolutions of the scale factor that allow smooth transitions between contracting and expanding and between decelerating and accelerating regimes. The coincident propagator is derived and used to compute the one-loop backreaction from the scalar field. The inflationary infrared divergences are absent in Bunch-Davies vacuum when taking into account a preceding cosmological era or spatial curvature which can be either positive or negative. It is found that asymptotically, the backreaction energy density in the minimally coupled case grows logarithmically with the scale factor in quasi-de Sitter space, and in a class of models decays in slow-roll inflation and grows as a power-law during super-inflation. The backreaction increases generically in a contracting phase or in the presence of a negative nonminimal coupling. The effects of the coupling and renormalization scale upon the quantum fluctuations together with the novel features due to nontrivial time evolution and spatial curvature are clarified with exact solutions and numerical examples.
I. INTRODUCTION
At the largest scales, the universe seems very nearly homogeneous and isotropic. Thus its evolution can be described by a single scale factor a(η), whose time evolution is parameterized by the conformal time η. The metric, originally studied by Friedmann, Lemaître, Robertson and Walker (FLRW), can be written as
The curvature of the spatial hypersurfaces is given by the constant K. The current cosmological measurements [1] give a very large lower limit on the radius R c = |K| − 1 2 of the curvature of the universe, R c ≥ 22h −1 Gpc (R c ≥ 33h −1 Gpc) for a universe with positively (negatively) curved spatial sections, where h = 0.705 ± 0.013 is the Hubble parameter evaluated today in units of 100 km/s/Mpc. In the present work we will work in terms of the conformal Hubble rate defined as
The leading paradigm explaining the observed approximate isotropy, homogeneity and flatness of the universe is inflation [2] . Remarkably, an inflationary theory provides also an origin for the observed structures in the universe as a result of quantum fluctuations in expanding space [3] .
Scalar fields have been ubiquitous in the studies of this phenomenon. The behavior of a massless scalar field with a possible non-minimal coupling to the Ricci scalar on expanding spaces [4] has been studied extensively. This is relevant also for understanding of higher spin fields. In particular the graviton can be related to the kinetic operator of a scalar field. Apart from some tensorial structure, the graviton propagator can be written in terms of propagators of massless scalar fields [5] also in quasi-de Sitter space [6] , and similar observations can be made for vector fields [7] or antisymmetric tensor fields [8] . It is also shown that a three-form inflation in some limits allows an equivalent scalar field description [9, 10] . Therefore the understanding of the massless scalar field can be translated to more general fields as well.
The key property of quantum behavior of fields in an expanding spacetime is the particle production that stems from the presence of a horizon. The particles are created mostly in the infrared, and it is this effect that leads for example to the creation of primordial density fluctuations. This also raises the issue of the backreaction of the fluctuations on the background spacetime [11, 12] . When one chooses the vacuum to contain only purely positive frequency modes (the so called Bunch-Davies vacuum [13] ), the expectation value of the two point correlator for this vacuum diverges in the infrared. Unlike the ultraviolet divergences, which can be removed by standard procedures, these infrared divergences show that the system under study is pathological. Hence, it is clear that the Bunch-Davies vacuum 1 cannot describe a physically sensible state of an exponentially expanding spacetime. Possibilities that emerge are to consider an alternative vacuum state with less singular superhorizon modes [15] or a compact spatial manifold where those modes are initially absent [16] .
Many studies though concern the special limit of exactly exponential inflation, i.e. de Sitter background [17] [18] [19] . It is natural to consider more general evolutions to understand how the predictions from more realistic assumptions may differ from the maximally symmetric case. Recently the scalar and graviton propagators have been derived for flat FLRW universe with constant deceleration parameter [20] . The infrared divergencies persist for a large and physically relevant range of the deceleration parameter, in particular for accelerating regime if the field is minimally coupled. However, in Ref. [21] it was shown that the infrared can be regulated by taking into account a decelerating epoch preceding inflation. The perturbation modes were matched at a transition from radiation domination to inflation, and the results agreed qualitatively with the ones obtained by using a cut-off procedure in Ref. [22] , when the effects of the particle creation due to the sudden transition approximation were properly identified.
In this paper we consider universes with a smooth transition to an inflationary period. This is achieved by considering more general background evolution specified by three parameters, which still allow analytic expressions for the solutions of the mode functions. Furthermore, we also include the possibility of nonzero spatial curvature. It is natural to consider that the universe was not exactly flat but the curvature radius was inflated beyond the present observational limits. In such a case, we cannot observe the curvature directly but we obtain consistent results from the calculation of fluctuations. In a similar way, by taking into account a bouncing or a decelerating phase preceding inflation will rather generically eliminate the infrared infinities in the quantum fluctuations. Thus it turns out that in the more complete models featuring either some curvature or realistic time-evolution, the inflationary spectra are regular. As some details of the spectra depend on the physical means of regularization, there is also a hope to obtain some information on pre-inflationary cosmology.
Having then well-defined and regular quantum fluctuations allows to investigate their physical effects. It would be of interest to extend the study to the graviton. In this work we however focus on the leading order corrections from the massless scalar field in particular during inflation. For this purpose we derive the one-loop expectation value of the induced stress energy tensor for a scalar field. Our results confirm the well-known leading logarithm behavior in quasi-de Sitter inflation [3, 4, 23] (see the interesting recent discussions on the physical relevance of such logarithms and their implementation within the δN formalism [24, 25] , also [26, 27] and the review [28] .) If the backreaction grows, the perturbative treatment will eventually become invalid. There are suggestions that such may signal analogous breakdown of locality in quantum gravity in cosmological as in black hole physics [29] . We find that the backreaction generically increases also when the scalar field has a negative coupling to the Ricci curvature, in agreement with the conclusion reached in Ref. [21] , or when the universe is contracting or super-accelerating. In most cases the sign of the induced energy density can change dynamically and depends on the parameters of the model.
We set up our notation with some preliminary considerations in section II where we also describe the background. The propagator is derived in section III using the operator formalism. For the above mentioned reasons, particular care is taken to obtain physically regular infrared, since the divergences (except logarithmic ones) would be absorbed by dimensional regularization. The ultraviolet is renormalized by counterterms. In section IV we then apply the propagator to compute the backreaction from quantum fluctuations. In particular, the asymptotically dominating contribution at inflation is extracted. Finally, we briefly discuss the conclusions in section V. Some details of the D-dimensional curved FLRW models are confined to the appendices: in appendix A we construct the curvature from the metric and derive the field equations, in appendix B we state the spherical Laplacian operator and discuss its eigenmodes. Appendix C contains explicit expressions for the propagator in a few special cases.
II. SCALAR FIELD IN EXPANDING SPACE
Here, in II A we will sketch the usual quantization of a scalar field in FLRW universe, and propose the ansatz (15) for its background evolution. We then describe this class of background evolutions in II B.
A. Scalar field
Consider a massless non-minimally coupled scalar field Φ in a D dimensions,
Here R is the Ricci scalar and g the determinant of the metric. The d'Alembertian operator is denoted as 2 = ∇ µ ∇ µ . The field obeys a simple equation of motion
The stress energy tensor becomes
with the trace
We shall be interested in deriving the Feynman propagator i∆(x; x ′ ), which satisfies the equation
For this purpose we work in the operator formalism, and eventually sum over the mode functions (solutions of the equation (4) in Fourier space) to compute the propagator. This way we obtain the complete answer, whereas a solution to the Eq. (7) is unique only up to the homogeneous modes.
The metric, regarded as a background, was introduced in Eq. (1). Due to isotropy, the Fourier components of the field can then be expanded with the creation and annihilation operators b k and b † k as
The convention we use for the transformation is
In a closed universe the integral is more properly replaced by a sum. In flat universe the mode functions are simply plane waves, Q(k, x) = e ik·x , and some details of the curved cases are given in appendix B. So the comoving wavelengths of perturbations are ∼ a/k. The canonical commutation relations for the operators and the field,
imply that the Wronskian of the mode functions is given by
Above and in the following, a prime indicates a derivative with respect to the conformal time, ′ = d/dη. From now on we will occasionally drop the subscripts k and arguments of η.
To present Eq. (4) in the metric (1), we need the Ricci scalar (A6) from appendix A and the d'Alembertian operator (B18) from appendix B. Notably, the Laplacian part of the latter, when acting upon the Fourier modes, gives a combination reducing to (k 2 − K) in D = 4. By the end of the day, the mode functions ψ k are found to satisfy the evolution equation
where we have lumped the Hubble-dependent terms into the definition
Because this allows us an analytic solution for the mode functions, we assume that
where γ 2 and ν are D-independent constants. This parameterization captures a wide range of interesting geometries in D = 4 as described in the following subsection. The generalization of the geometries to higher dimensions is by no means unique. One could add arbitrary terms proportional to (D − 4) into equation (15), but we chose the trivial D-dependence for simplicity. Such choices in an analytic extension affect only the finite constants that appear in the results. Note that after we have dictated (15) , the rest of the terms in the evolution equation (13) are uniquely determined by the action (3). The remaining ambiguity will appear in the choice of the D-dependence of the initial conditions for the solutions to this equation. This ambiguity is fixed by the natural prescription we adopt in section III A, namely that in any D the modes are initially in their Bunch-Davies state.
B. Background Let us look at which kinds of background evolution the ansatz (15) allows. In D = 4, the evolution equation for the scale factor becomes
We can set ξ = 0 for simplicity. A nonminimal coupling corresponds then to redefining the parameters as
when ξ < min( 1 6 , 2ν 2 /3). One sees that though the asymptotic behaviors at large and small η are the same as in a cosmology with curvature and an energy component with the constant equation of state w = (3 ± 2ν)/(3 ∓ 6ν), the geometry of (15) is not precisely reproduced by the latter configuration but generally requires a dynamical w. In the constant-w case, Eq. (15) would be replaced by
where S(x) = sinh x for negative and S(x) = sin x for positive curvature. Since S(x) ≈ x + . . ., our results should qualitatively describe also the particular case of spatial curvature and a constant-w fluid as the energy sources. In more detail, the evolutions we have that lead to inflation can be classified into three qualitatively different types as we describe below. We will later need the scalar curvature for these geometries, which is
when D = 4.
γ 2 > 0: From radiation domination to inflation
In the explicit examples here, we assume that ν is a half-integer ν > 1 2 but this assumption is not crucial to our conclusions as explained later. Let us first consider the case of real γ > 0. Then the exact solution to (16) can be expressed in terms of the Bessel functions
where c 1 and c 2 are real constants. In an accelerating universe, η approaches zero from below. At late times, from the asymptotics of the Bessel function, we see that a(η) → |c 2 |2 ν−1 Γ(ν)|γη| 1 2 −ν , so the solutions describe the evolution infinitely far in the future where the scale factor grows without limit when ν > 1 2 . This power-law evolution implies that the deceleration parameter will be asymptotically a constant, which is given by ν as ǫ = (3 ± 2ν)/(1 ± 2ν). In this paper we consider the upper sign choice since we are interested in inflation, but it should be kept in mind that for example ν = 3/2 can correspond to matter dominated era as well as de Sitter spacetime. We use
corresponding to the usual definition of the slow-roll parameter. It is sometimes convenient to refer also to the deceleration parameter q = ǫ − 1. If the scale factor decelerates with respect to the cosmic time, q is positive, and in the accelerating case q < 0. These are what we refer to as accelerating or decelerating in this paper (one notes that acceleration with respect to the conformal time a ′′ > 0 corresponds to rather ǫ < 2 and q < 1).
In the early times, the solution will however be oscillating, as immediately seen from Eq. (16) when ξ < 1/6. This means we cannot extend the evolution infinitely far in the past, but there is a beginning to the universe. Inspecting the behavior of the solutions, we see that generically the evolution in the physical region (positive scale factor) begins with the slow-roll parameter near ǫ = 2, corresponding to radiation domination. Numerical examples are plotted in the left panel of figure 1. These correspond to such initial conditions that c 1 = 0 and thus
We note that a possible feature is a period of super-inflation (negative slow roll parameter) during the transition from ǫ ≈ 2 to the constant-ǫ phase given by the first term in (22).
γ 2 < 0: From curvature domination to inflation
Let us then consider an imaginary γ in equation (15) . The early behavior then becomes exponentially growing in η instead of oscillating. Then ǫ = 1, corresponding to a curvature-dominated universe. The exact solution can then be written in terms of modified Bessel functions, and we can extend the evolution infinitely far in the past. We have
where c 1 and c 2 are again real parameters. We plot some example evolutions corresponding to the initial condition c 1 = 0 in the right panel of figure 1 . This corresponds to the conformal Hubble parameter
We chose the normalization in such a way that future asymptotic expansion is the same as in the previous case. It turns out we must include curvature in the case of imaginary γ to consistently regulate the infrared. The required amount is |K| > |γ 2 | if K < 0 and K > |γ 2 |/3 if K > 0, as will be clarified later. 
c1, c2 > 0: Bouncing from contraction to inflation
A third qualitatively different case arises when we include allow also a nonzero c 1 in either the solution (20) or the solution (23) . For the sake of clarity, we consider only the latter case here. Then we find a contracting phase as η → −∞. Thus the inflationary epoch was preceded by a cosmological bounce. Such scenarios have received lot of attention [30] , because they may resolve the cosmological singularity and extend the evolution to sort of a pre-Big Bang phase. A bouncing universe can be geodesically complete unlike an eternally expanding one [31] .
Few examples are plotted in figure 2. In the left panel we show the Hubble rate H/a. The right panel depicts the effective equation of state w B for the energy component that is the source for the Hubble rate. It is well known that in general relativity, only null-energy condition violating energy sources can drive a bounce in a flat universe, whereas in the presence of curvature it can be sufficient to violate the strong energy condition. One may however obtain bounces in flat setting without introducing ghosts in generalized gravity theories; recent progress has been made within the first order formalism [32, 33] and for string-inspired nonlocal gravity [34, 35] . Using the equations in appendix A, we have deduced the equation of state w B of the background fluid in the present case. The general expressions are rather cumbersome, but let us quote the result in the special case ν = 3/2:
where . Left: The cases γ 2 > 0 (curvature in units of γ 2 ) whose background evolutions were discussed in II B 1. The minimally coupled models ξ = 0 are always regular. Middle: The case γ = 0, which corresponds to constant deceleration spacetimes. Note that the flat models K = 0 are excluded. Right: The cases γ 2 < 0 (curvature in units of −γ 2 ) whose background evolutions were discussed in II B 1 and II B 3. The minimally coupled models ξ = 0 require K < γ
The effective equation of state is plotted in the right panel of figure 2 . In our case, it turns out that for general ν and c 1 /c 2 , when K > 0, the background fluid responsible for the bounce indeed typically respects the null energy condition. Thus we could reproduce this behaviour with e.g. a canonical scalar field. Obviously, with negative curvature one has to violate the null energy condition since ρ B ∼ H 2 + K. Except when K > 0, the collapsing phase must be driven by a negative energy source. In the simplest form this is a negative cosmological constant, which however has to go through a phase transition to recover an observationally allowed vacuum density at later epochs; such scenarios have also been elaborated recently [36, 37] . Here it is natural to consider the bounce to occur in a closed universe where the collapsing phase is driven by supercritical density of matter. To generate a bounce, this density needs to violate only the strong energy condition. In the following we find that the inflationary infrared divergences are absent in such models.
To close this section, we note that when ν is not a half-integer, the solutions for negative γ 2 are written then in terms of the modified Bessel functions, and the solutions for imaginary γ 2 in terms of Bessel functions. This is the opposite to the above cases in subsections II B 1 and II B 2. Furthermore, with a positive nonminimal coupling ξ > 1/6, the solutions once again switch their roles.
III. SCALAR PROPAGATOR FOR QUANTUM FLUCTUATIONS
Here we first derive the scalar propagator and evaluate it at the coincidence limit in III A. The cases where this is due to infinities lost in the analytic continuation are identified and discarded (see figure 3) . We then renormalize the ultraviolet divergencies in a standard way by adding suitable counterterms in III B. In section III C we show that the previous results are recovered in the appropriate limits.
A. Infrared-regular sum over the modes
The solution to the mode equation (13) with the ansatz (15) can be written in terms of the Hankel functions,
where we have defined
which plays the role of a shifted γ 2 in the presence of curvature. While γ 2 specifies the evolution of the background, it is the γ 2 K which determines the properties of the fluctuations. The normalization from the Wronskian (12) is such that |α| 2 − |β| 2 = 1. The Bunch-Davies vacuum corresponds to the choice α = 1, β = 0, which we make here. The time-ordered Feynman propagator, obeying Eq. (7), for the vacuum state |Ω is
In the second line we recalled the expansion (8) and used the definition of the vacuum b k |Ω = 0. In the case of closed universe, one should, more rigorously, replace the integral by a sum over the modes as mentioned in appendix B.
We shall need the propagator at the coincident limit. At coincidence the mode functions Q(k, x) reduce to plane waves. After performing the angular integral in (29) and inserting the solution (27) we get
where C is the cut-off that equals D √ K/2 when K > 0 and vanishes C = 0 when K < 0. At this point we assume that ν is a half-integer. Then we may employ the finite series presentation [38] 2 H (1)
and obtain
The benefit is that the integral can be performed analytically. When the radius of convergence is nonzero, it can be shown that the result applies well for general ν [21] , however in the present case the analytic extension seems more difficult. From the form of the integral we see that divergence is expected at the upper limit when D − 2 > n + m, and that terms in the sum with odd n + m vanish. In fact the double sum can be reorganized into a single sum as
In the second line we used the Legendre duplication formula. We note that γ 2 K > −C 2 is needed for the regularity at the lower limit of the integral. However, the results turn out to be analytically extendable to arbitrary imaginary γ K , but this is due to the automatic subtraction at play in the dimensional regularization 3 . This is why we discard the γ • γ 2 > 0: This case is always regular.
• γ 2 = 0: Spacetimes with constant deceleration are regular when the spatial sections are curved, K = 0.
• γ 2 < 0: This case is regular for open universes with |K| > D−1 . These are the cases in which the integral in (33) yields finite results without hiding the infrared power-law divergences by dimensional regularization. The regularity conditions in the presence of a nonminimal coupling are illustrated in figure 3 . Here we see that it is the combination of the background evolution, given by γ, and the curvature, given by K, which determines the physically reasonable cases. We also note that both positive or negative spatial curvature can regulate the infrared, but by a different mechanisms. Negative K contributes to the evolution of the fluctuation modes, mimicking a real γ, and can thus render these modes less singular at very large scales. On the other hand, with a positive K the very large scale modes are simply absent, because they cannot be excited in a closed universe.
Keeping in mind the restriction to the above cases, we perform the integral in (33) to obtain
in terms of the hypergeometric functions with arguments proportional to square of the inverse cut-off. The result diverges in the limit γ K → 0 if ν > 1 2 . Thus by introducing γ K we have indeed regularized the infrared. However, an ultraviolet divergence remains. We will deal with that in the following subsection.
First we note that it is useful to rewrite this result as
The first line is the limiting value of the above (34) as C → 0, and is thus the complete result for flat and open universes. The second line deviates from unity in the presence of a nonzero cut-off C, and in particular it takes into account the absence of modes with k < 
B. Regularizing the ultraviolet by counter-terms
Let us first look at the case (35) . The first two nonvanishing terms in the series (35) contain the divergent piece:
where µ is an arbitrary renormalization scale with the dimension of mass. The large-scale cut-off is not relevant for the ultraviolet divergence, and is thus contained C = 0 part of the above propagator. This is the first line of (36) . The hypergeometric functions in the two following lines are regular in D = 4 and can be straightforwardly evaluated there. This becomes, near D = 4,
We (37) contains the contribution from the hypergeometric functions that vanishes when C = 0. In the minimal subtraction scheme, all but the first term in Eq. (37) contribute to the renormalized propagator. One may write an equivalent expression either by directly expanding the first two terms in the series in (34) about D = 4 or by using the previous result 4 (37) . We obtain
up to terms vanishing in D = 4. This form is more convenient to use when C is large compared to |γ K |.
We will be interested in computing the one-loop expectation value for the trace of the scalar field energy momentum tensor (5) . The value of the trace (6) is given by, after using the Eq. (7) and the equation of motion (2 − ξR)Φ = 0,
At this point we note that the ultraviolet divergence (37) is proportional to the scalar curvature (19) . This is what we expect, since the one-loop correction is known to be renormalizable with simple geometric counterterms. Generally, we may consider the two quadratic geometric counterterms (as the Riemann squared in D = 4 is a linear combination of these)
This lagrangian contributes to the trace as
Thus the (infinite parts of the) coefficients that renormalize the theory are
As γ K is related to infrared physics and doesn't enter into this expression, it coincides with the result in [21] . The total trace from the divergent part of the scalar field stress energy (39) and the counter terms (41) becomes
The second line contains the contributions from the possible finite parts of the coefficients α 1 and α 2 . A simple choice for renormalization is to set α 2 and the finite parts of both coefficients to zero. The latter corresponds to the minimal subtraction scheme in dimensional regularization. We will use this choice in the numerical examples that follow in section IV.
C. de Sitter and quasi-de Sitter limits
de Sitter limit
It is known for a long time that in a locally de Sitter space the propagator of a minimally coupled massless scalar at the coincidence limit contains a logarithmically growing part [3, 4, 23] . To check the consistency of our results with the previous literature, we consider the asymptotic limit when ν = 3/2 and
At small enough |η|, i.e. after a sufficient inflationary expansion, this becomes an excellent approximation. Setting the cut-off to zero, the propagator (35) becomes, near D = 4,
where the constant ζ is defined as
Eq. (45) agrees with e.g. the result derived in Ref. [40] . In the first line, the prefactor is the familiar square of the Hubble rate per 4π, then we have a divergence, and the secular growth which is logarithmic in the scale factor. The following constant depends on the renormalization scale and other parameters. In the case of nonzero cut-off, this constant would have a different form. The second line represents a correction which decays as 1/a 2 , and can be neglected at sufficiently late times (the constant coefficients would again be modified if there was a cut-off). All such redshifting terms can be absorbed into a suitable modification of the initial state [41] . Our results consistently generalize the previous coincident de Sitter propagators into the case where the initial (Bunch-Davies) state does not have to be set in the exact de Sitter background.
Quasi de Sitter limit
We have essentially three parameters which determine the scale factor expansion: γ and ν specify the evolution equation (16) and the ratio c 2 /c 1 of the constants in the solutions discussed in section II B specify a particular solution to this equation. Qualitatively different classes of spacetimes emerge when the sign of γ 2 is changed or one of the coefficients c 1 or c 2 is switched on or off, as detailed in section II B. However, we were able to carry out the computations analytically only for a discrete set of ν-values. This seems to restrict us to consider only a limited set of inflationary models. In particular, to study spacetimes which become asymptotically infinitesimally close to de Sitter would require to treat ν as a continuous parameter. Analytical extension of the result (34) to arbitrary ν though does not seem straightforward as the coefficients in the series diverge factorially.
Instead, we can consider models with arbitrary slow-roll parameters in the presence of a non-minimal coupling. By performing a sort of rotation in the parameter space, we can extend the results continuously to any value of effective ν and thus to any value of slow-roll parameter ǫ. Recall the scaling (17) , which relates the ν ξ that determines the background expansion, to the parameter ν that governs the behavior of the scalar field mode functions in (27) . Using this, one readily deduces that for a given ν, the slow-roll parameter will have the value ǫ at asymptotically late times if the coupling is set to
This means also that we have an asymptotic de Sitter expansion for any ν when ξ = (9 − 4ν 2 )/48. For ν = 5 2 this already requires a rather large coupling ξ = −1/3. It seems thus most natural to consider quasi-de Sitter spaces expanding about ν = 3/2, since then we need only an infinitesimal coupling ξ to have ǫ deviating infinitesimally from zero: ξ =
This seems to suggest that the result (45) is robust to small deviations from exactly exponential expansion. A nonzero ǫ, achieved by just adjusting ξ ≈ ǫ/4, nothing but slightly changes the coefficients of the decaying terms in the propagator, whereas the leading logarithm behavior is unaffected. If ǫ is constant, the expansion is described by 2 . In both cases, the backreaction density scales as radiation in the early time. The effective equation of state typically diverges, as the backreaction energy density changes its sign from positive to negative. Then the scaling approaches a constant again, which is w br → −1 when ν = 3/2 and w br → −1/3 for the other examples.
Plugging this into (37), we obtain
where ξ is given by (47) . If ǫ is positive, the prefactor decays, and in super-inflating case, ǫ < 0, it grows.
IV. BACKREACTION
In this section we first compute the general expression for the one-loop contribution to the trace in IV A. This is used to analyze the backreaction in inflationary cosmologies. In IV B we compute the asymptotic contribution to the effective energy density. In IV C we consider models with contracting and bouncing geometries.
A. One-loop contribution to the trace
To compute the expectation value of the trace (6), we have to act with the box on the regular part of (37) and add the contribution from the regularization (43) . Finally, we must collect the remaining terms from (34) . The result is, setting D = 4,
We have used shorthand notation for the dimensionless constants k 1 and k 2 . In flat and open universes they are
In closed universes the appropriate constant are
We also introduced the coefficientsΓ n , defined aŝ
Finally, in the last line of (50) the contribution from counterterms is given as
in terms of the coefficients specified in the lagrangian (40) . As expected, the result (50) diverges when γ K → 0. The divergence is logarithmic for ν = 3/2, and power-law ∼ γ
We can obtain the backreaction energy density by integrating (50), and then immediately deduce also the backreaction pressure. This is because we know that the effective quantum fluid must obey a continuity equation similar to (A9), and furthermore the trace is T = −ρ br + 3p br , the lower index br referring to the backreaction. Hence we have that
The integration constant corresponds to a freedom to add a radiation-like component. In the following we show numerical results for the integration. In all the numerical examples presented here, we use the minimal subtraction scheme and set α 2 = 0. Unless otherwise specified, ξ = 0, |γ| = |γ K | = µ, ν = 3/2 and K = 0. In realistic models, there is a large hierarchy between K and the scale of inflation, H 0 in Eq. (44) . In units of the Planck scale, a GUT-scale inflation for example corresponds to √ 8πG N H 0 ∼ 10 −5 , where G N is the Newton's constant, whereas the present observational bounds on the curvature radius of the universe, quoted in the first paragraph of this paper, translate into 8πG N |K| 10 −43 . It is reasonable to assume that the parameter γ 2 and thus also γ 2 K are roughly on the order of K. The scale factor can be arbitrarily rescaled, but we once fix H = H 0 at a = 1, this corresponds to the choice
in equation (20) or (23) in section II B. In the example plots here the numerical ratio is |γ|/H 0 = 10 −35 .
We describe the relative significance and the behavior of the backreaction energy density by defining the dimensionless quantities
The results in terms of Ω br are plotted for an asymptotically de Sitter model in Figure 5 . The effective equation of state is plotted in the figure 4. The background expansions in this figure are precisely the ones depicted in figure 1 . We see that for both real and imaginary γ, the evolutions have some qualitative similarities. Namely, initially the density scales as radiation (w br ≈ 1 3 ), and in the future will scale tend to a negative constant, which in the case ν = is w br = −1. In the other cases, the backreaction scales asymptotically like curvature, w br = −1/3. Note that the formally defined effective equation of state can diverge when the backreaction energy density changes its sign. The (58), from the backreaction as a function of the e-folding time in flat models with ν = 3/2. Left: In the case of nonminimal coupling, the scaling of the quantum energy density is modified. When the coupling is negative, the backreaction grows. Right: Examples with different choices of µ when K = 2γ 2 . As the renormalization scale appears only in the subleading terms, it does not affect the asymptotic results.
asymptotic scaling we observe in the plots is not obviously seen from (50) even in the minimally coupled case, as the would-be-leading order terms systematically cancel at late times. The asymptotically leading corrections will be discussed in detail below in IV B. Nevertheless, it holds qualitatively that the backreaction energy density decays if 0 < ǫ < 1, goes like a logarithm in de Sitter case and grows if the universe is undergoing a phantom expansion with ǫ < 0.
The effects of varying the coupling ξ or the renormalization scale µ in the case ν = figure 5 . With a negative coupling ξ, the relative backreaction contribution grows as a power-law. We will see below that this is a generic feature, in agreement with Ref. [21] . With a positive coupling, the quantum contribution decays. As already seen in figure 5 , in the nonminimally coupled case, Ω br tends to a constant. This constant is determined below in (60). The renormalization scale affects only the transient dynamics. Typically the contribution from Ω br is positive in the early times, but becomes negative at the inflationary epoch. In particular the time(s) when the sign changes depends upon the renormalization scale.
B. Asymptotic behavior at constant deceleration
Assuming that the background has constant deceleration, it is straightforward to integrate (50) exactly to obtain the energy density. This assumption is always valid in the far future in the above described models 5 . We use equation (48) and call H 0 = H(a = 1). To take properly into account a possible nonminimal coupling, we should replace ν → ν ξ given by (17) for the background equations, as discussed in III C 2. We obtain then
5 If taken to be valid at all times, this corresponds to setting γ = 0 in Eq. (16). As noted above in section III A, then one needs nonzero K to regularize the infrared. This would correspond to a fine-tuned situation where the energy density of an effective background fluid is 8πG N ρ B = K/a 2 + 3H 2 0 /a 2ǫ , the first term canceling exactly the effect of nonzero curvature to the expansion, and the second term driving the constant-deceleration expansion. In anisotropic cosmologies such cancelling results in isotropy of the cosmic microwave background radiation [42] and might be explained by a presence of a two-form field [43] .
The definitions of the constants k 1 , k 2 ,Γ n ,α inf andα f in are given in formulas (51-55).
Note that in the minimally coupled case ν ξ = ν, the sum in the third line is truncated already at n = max(2, ν − 3 2 ) due to the coefficient which kills the n = ν − 1 2 term. This can be understood, since this term originates from the part of the propagator (34) that scales as a −2 η 1−2ν . When Eq. (48) holds, this part is in fact a constant. Thus it doesn't contribute to the expectation value (39) that is given by the derivatives of the propagator. One may expect that this would change in the case of a massive field, in which case then Ω br would approach a constant. However, here we are restricted to the massless field. In the following we extract the leading order term in (59) at small η in a few special cases.
Let us first set ξ = 0. Then, in the case ν = 3/2 the background expansion is asymptotically described by w B = −1. The fractional backreaction energy density then becomes
Thus the quantum effect on the expansion tends to a constant which is completely independent of the model parameters and the history leading to the de Sitter expansion. The result that effect is negative and magnitude of the constant is proportional to the Hubble rate squared in units of the Planck mass was to be expected.
Let us then look at the quasi-de Sitter spaces and non-minimally coupled field. Then the above result generalizes to
Again the leading-order term in (61) is parameter-independent. We now infer that the relative backreaction density |Ω br | grows, i.e. w br < w B , if ξ < 0. In this case the background is super-inflating, ǫ < 0, but the backreaction energy density still grows faster than ρ B . This suggests that the quantum backreaction may hinder the Big Rip that is implied for the super-accelerating background, in line with e.g. Ref. [44] . For a positive coupling to curvature ξ > 0, we have the opposite behavior: ǫ > 0, meaning that the background density decays, but ρ br will decay faster. Then |Ω br | will decrease proportionally to a negative power of the scale factor. This is due to the positive non-minimal coupling, without which the growth is only log-enhanced. The result (60) confirms that the well-known leading-logarithm behavior in quasi-de Sitter spacetimes is robust. The density becomes negative, and thus the effect is to slow down inflation, in accordance with, e.g. Ref. [45, 46] . One expects that the ǫ -suppression of the effect would not appear at higher loops, though in our case this remains to be verified. The above deduced behaviors are illustrated in the figure  5 ., where we monitor the evolution further inside the inflationary epoch and plot the logarithm of |Ω br |. Qualitatively these results agree with those in Ref. [21] , where the infrared was regulated by matching the fluctuation modes in a decelerating and accelerating flat FLRW with constant background equations of state.
ν = 5 2
In the minimally coupled case, when ν = 5 2 , w B → − 2 3 which can be modelled by e.g. domain walls. In this case we find that
It is obvious that the backreaction energy density dilutes more rapidly than the classical background energy density. The term scaling as the ρ B drops out from (59) as explained above, and the dominant term will be the following one, enhanced by the logarithmic scaling. We have that w br = − 1 3 + (3a log a) −1 , according with the figure 4 , where w br is seen to approach the scaling of curvature from above.
In the case of nonminimal coupling, the n = 2 term in the sum appearing in (59) becomes nonzero and thus dominating at late times. The leading contribution is then
We now deduce as above that if ξ < 0 (ξ > 0), the quantum backreaction grows (decays) like a power-law. Now the magnitude of the backreaction depends on the regularization parameter γ K . However, one deduces that it is still always negative for arbitrary curvature. There is no ǫ-suppressed log-enhancement.
In the case ν = 7 2 , the background fluid is described asymptotically by w B = − 5 9 when ξ = 0. Now the slowest-dying contribution to (59) comes from the term n = 2 in the sum. The coefficients have a different form if there is a cut-off, according to (53), however similarly as above one sees that now w br → −1/3 since
It is clear that the magnitude of this term depends on the infrared regulating term γ K even when the effect of γ K upon the background has been completely washed away. In a closed universe, the effective backreaction density (64) is always positive, whereas it is proportional to the sign of γ With a nonminimal coupling the leading order term is
The contribution is analogous to the previous case, and also now turns out to be negative for any curvature K and parameter γ.
When ν = if ξ = 0. Analogously to the above case, we obtain now from the n = 3 term in the sum
Now instead the open and flat models have always positive energy density, whereas the sign depends on the ratio γ 2 /K in closed models. The next cases follow the analogous pattern: with increasing ν the magnitude of the effect gets smaller and decays more rapidly with the expansion. Again, if ξ = 0 also the n = 4 contributes and will then dominate at late times. Given ξ < 0, |Ω br | will increase with the scale factor, but its asymptotic sign is always negative. 
C. Backreaction across bounces
As the final application, let us briefly consider the nonsingular background evolutions described in section II B 3. Since these evolutions were constructed in such a way that they lead to inflation, the asymptotic effects at η → 0 will be just as detailed above. However, it is of some interest to monitor the evolution of the backreaction also at the contracting phase and across the bounce.
During contraction H
2 ∼ K is a constant since a = c 1 e |γη| . If one winds back towards the past η → −∞, where the size of the universe approaches infinity, it is easy to show by direct integration of the dominating terms in (50) that there the backreaction density scales as ρ br ∼ a −4 (with a magnitude depending on α inf , c 1 , γ and K). Thus in the asymptotic past the quantum effects are negligible. This also means that, as we approach the bounce, the backreaction density will grow. The turning point occurs at some finite η, and the relative magnitude of the various terms in (50) depends then on the parameters. In particular, ρ br can be both positive or negative. At the turnover Ω br of course diverges. As ordinary quantum fields can acquire an effectively negative energy densities that inevitably become dynamically significant as the universe contracts, no new physics may be needed to obtain a bounce even in a flat universe.
In figure 6 . we plot the backreaction energy density in the models that were shown in figure 2. The fluctuations do not feature any pathologies, as H → 0. In the left panel of the figure 6. we have negative spatial curvature, and in the right panel positive. The evolution is very similar in both cases and confirms the behaviors deduced above. In both cases, the backreaction density grows as radiation when the universe is contracting and symmetrically decays in the expanding phase. The future asymptotic behavior is as discussed in the previous subsection. It remains to be studied in detail whether the violation of the null energy condition at the bounce could be naturally caused by the backreaction term that increases during the contracting phase, as the results here seem to suggest.
V. CONCLUSIONS
Using the operator formalism, we derived the leading quantum corrections from a non-minimally coupled massless scalar field in D-dimensional FLRW background. This well understood framework [14] was for the first time applied to realistic cosmological models where the spatial sections need not be exactly flat, and furthermore the universe can evolve from one phase to another. The propagator was constructed by integrating over the Fourier mode sum (or generalized Fourier modes in curved models). The result (34) , which in most cases reduces to the simpler form (35) , was applied to derive the expectation value of the trace of the renormalized stress energy tensor for the quantum fluctuations (50). Also, the asymptotic energy density associated with these fluctuations (59) was computed to analyze their relevance in particular to inflationary cosmologies.
A special care was taken to obtain infrared finite results by physical means instead of automatic subtraction at play in dimensional regularization (which we employed to get ultraviolet finite answers). We found that a simple way to obtain meaningful results is to allow some spatial curvature to exist. A special example of our results is that the scalar field in a FLRW universe even with constant deceleration becomes regular in the presence of any nonzero curvature (this may also occur for large enough nonminimal coupling, see Figure 1 . of Ref. [21] ). In general, both positive and negative spatial curvature can regulate the infrared. A negative K modifies the evolution of the fluctuation modes, in a similar way as a fluid responsible for an early decelerating expansion history, and can thus render these modes less singular at very large scales. On the other hand, with a positive K the very large scale modes are absent, because the eigenmodes of fluctuations are discretized in a closed universe and the perturbation wavelengths cannot be arbitrarily large.
A parameterization was introduced which allows to study analytically a wide variety models with contracting, expanding or bouncing scale factors evolutions. In particular, the parameterization describes realistic inflationary expansion histories where inflation was reached from a contracting, decelerating or curvature-dominated era. It was found also that by taking into account such a preceding era eliminates the inflationary infrared divergences. Then one does not have to set the modes into a Bunch-Davies vacuum in an accelerating stage in the asymptotic past, from where any physical trajectory could not have reached the observer, due to the fact that past-eternally inflating spacetimes are not geodesically complete [31] . Concerning specifically bouncing scenarios, our analysis shows explicitly that by assuming a bouncing mechanism, one may not avoid only the initial singularity and geodesic incompleteness associated with the background but also the infinities appearing in the fluctuation spectra (we also found that the regular backreaction density can grow and have a negative sign during the contracting phase, thus perhaps providing the mechanism for a bounce). In this set-up then the results have straightforward physical interpretation and furthermore are not affected by any ad-hoc regularization that has to be invoked in too simplified cosmological models. We computed the leading order backreaction focusing on inflationary cosmologies. In the minimally coupled models, the backreaction tends to scale like radiation in an early expanding phase, and then scale like curvature during the inflationary phase. Exceptions are the asymptotic de Sitter case, where the backreaction is enhanced logarithmically with the scale factor, and super-inflation, where the backreaction can be power-law enhanced. The details of renormalization affect only the transient dynamics. There sign of the induced backreaction density depends also on the background parameters, in particular the spatial curvature. However, in the cases we found the increasing backreaction during inflation, its effect was always to slow down the expansion. In the non-minimally coupled case, a generic result is that a negative coupling parameter sets the backreaction density growing (relative to the classical background density). The main effect of non-minimal coupling is that the field "sees" the background expansion differently, through (17) , otherwise the coupling modifies only some finite constants in the results.
with Ω D−2 given by (A1). In order to determine the Friedmann equations in the curved FLRW geometry, as usually we first calculate the nonvanishing Levi-Civita connection coefficients, 
No sum is indicated over repeated indices above. These coefficients allow us to determine the elements of the Ricci tensor and the Ricci scalar a 2 R 00 = (D − 1)H ′ g 00 ;
The elements of the Einstein tensor follow immediately,
We shall assume that the background stress energy tensor is an ideal fluid and thus can be written as T 
The divergence of the stress energy tensor vanishes, implying the continuity equation
It is now straightforward to write the background field equations. The (00) and (ij) components imply the Friedmann equations
where G N is the Newton's constant. The condition for acceleration is that H ′ is positive, where we can easily solve from the above pair of equations that
From this we see that, just as in four spacetime dimensions, the Universe's acceleration is independent of the curvature. 
Finally we note that though we assumed a positive spatial curvature in (A1), the formulae (A5)-(A12) are valid for arbitrary K.
Closed universe
We consider the D − 1-dimensional sphere (A1) with the metric given by (A2). We have first assumed that the spatial curvature is positive. The Laplacian operator derived from this metric is 
Here M is a collective index for the multipole modes corresponding to D − 3 polar and one azimuthal angle.
We want to find the eigenfunctions Q(k, x) of the Laplacian (B1), i.e. the solutions to the Helmholz equation
Since merely the radial dependence changes with nonzero curvature in the metric (A3), the general form of the solutions will be
where the label k will depend on the curvature. The convenient choice will turn out to be
The Laplacian decomposes into 
where
At least at D = 4, it occurs that µ is a half integer, and we can use, instead of P µ λ and Q µ λ , the pair P ±µ λ as independent solutions, see formula see 8.737.1 in [38] . By requiring regularity at the origin, using formula 8.756.1 of [38] , we are left with only P 
where N ℓ k is a normalization constant. The normalization may be fixed as
